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The points in the boundary of the moduli spaces of pointed, nodal curves with
finite automorphism group.

These curves are called stable curves (or pointed stable curves).
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Definition 2.2. A stable graph of type (G, N) is a colored undirected multigraph
G = (V, E), subject to the following conditions.

(1) The color of a vertex v is given by a pair of natural numbers (g,,n,). The
two numbers are called respectively the genus and the number of marked
points of the vertex v.

(2) G is connected.

(3) Its total genus, defined as ) .\ g, + |E| — (|[V| — 1), equals G.

(4) Its total number of marked points, defined as ) i n,, equals N.

(5) Stability condition: degwv + n, > 3 for every vertex v with g, = 0.
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(Deligne & Mumford B9 The irreducibility of the space of curves of given
genus)

Let I' be the following (unoriented) graph:

(i) The set of vertices of I" is the set I’ of irreducible components of X,

(i) the set of edges of I is the set I'"' of the singular points of X which lie on
two distinct irreducible components,

(iii) an edge xel™ has for extremities the irreducible components on which x lies.
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FIGURE 1. A 2-pointed curve of genus 6 and its dual deco-
rated graph
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Lemma (x.16). — If o tnduces the identity on T', then ¢ is the identity.

Proof. — If X, is an irreducible component of X, then ¢(X,)=X, and ¢ leaves
fixed the points of intersection of X, with the other components. In addition, Pic’(X)
maps onto Pic’(X,) so that ¢ acts trivially on Pic®(X,). Either:

a) genus (X,)>2 and ¢|X, is the identity by Lemma (1.15);

b) genus (X,)=1, ¢ acts by a translation and leaves a point fixed, so is the
identity on X;;

¢) X, is the projective line and ¢ leaves fixed at least three points, so is the
identity on X,. Q.E.D.

¥ Lemma 1.15
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Lemma (x.15). — If X 15 srreducible, then ¢ is the identity.

Proof. — Let ¢’ be the action of ¢ on the normalization X' of X, Each singular
point of X, together with an ordering of its 2 inverse images in X', defines a distinct
morphism from G, to Pic’(X), so that the inverse image S of the singular locus of X
is pointwise fixed by ¢’. One has either

a) genus(X')>2: then conclude by Lemma (1.14);

b) genus(X')=1, |S|>2, then ¢’ is a translation on X' leaving a point fixed,
and so ¢’ is the identity; ‘

¢) X' is the projective line, |S|>4 and ¢’ is a projectivity leaving more than
three points fixed, so is the identity. Q.E.D.
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PROPOSITION 3.5. Let G be a stable graph. Then there is a unique stable quotient G > G such
that no two distinct genus 0 vertices of G are connected by an edge, and G «— G only identifies
edges between genus 0 vertices.

IEBARR RS,
ZEALETSHR NN R FE, U FER&RNERNR,
ZRE MR R/ NEREN—T o
MFrE R T &/ NE RN R Z (Bl ER 2 R HY

Stab(g, n) FAIESHKgMBN MFHESMBEE

Q(g,n) MBS BN MIERNREEREEEER SR AN SEENIRE



REBEANIEE, 18 Stab(g,n) — Q(g,n); H — H, BIE—U4EBRL 1R
NS A ORI SR BR LI,

BRXMREHAFAZFRIENZE AN FE

ZRIMTBRE

s(J)g == Z n(v).
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The ith entry for ¢ > 1 is the number of vertices of genus i.

IMEMEEESHOMY, BARSTN, MEMENTZFMY, BARSER=HA
s(J) < s(J).

(1) a self edge of a single genus g vertex;
(2) an edge between two distinct genus > 1 vertices;
(3) an edge from a genus > 1 vertex to a genus 0 vertex,

DEFINITION 3.4. A stratification of a variety X by a poset P is a collection of closed subvarieties
Z(p) C X indexed by p € P, such that if p < g then Z(p) C Z(g). The subsets Z(p) are called
closed strata. The stratum corresponding to an element p € P is S(p) := Z(p) — U,, Z(q). By
construction we have that Z(p) equals the set-theoretic union {J,, S(q).

Stratification
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« B S(p)=2(p)— U, 2(q)
wdz: sl
« X =M,,
« P = (Stab(g,n), <¢g) & P = (Q(g, n), quotient)
* Z(G) := Ujestab(gn),r<c M7
¢ S(G) - Z(G) - UHeQ(g,n),H<G Z(H)

XiEFEE—stratification.

DEFINITION 3.9. We use J\_/te,,,,,o to denote the moduli space of stable curves C' of genus e and n
marked points, such that all of the irreducible components of C' have genus 0. For G' € Q(g,n)
define S(G) to be the variety

§(G) = H Me(v),n(v),() X H Mg(v),n(v)'

vEG, g(v)=0 veEG, g(v)>1

Recall that e(v) denotes the number of self edges of v.

PROPOSITION 3.13. For G € Q(g,n), the map S(G) — S(G) induces an isomorphism
5(G)/Aq = S(G).

DEFINITION 2.6 (Action of BT°P). Given a stable curve C' € M, ,, and a labeled rooted forest
F € BT(m,n), we define the stable curve F*C € Mg, to be Lg Upn) C. In other words F*C' is
the curve obtained by gluing Lz to C' along the marked points {pi}ie[m]. We use the marking of
Ly by [n] to mark F*C. Since this construction may be performed in families, it corresponds to
a map F™ : Hg,m — ﬂg’n for each F' € BT(n,m), and these maps define an action of BT°P on

Mg .
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DEFINITION 3.14. The category BT°P acts on the poset Stab(g,n) by gluing on trees. More
precisely given F' € BT(n,m) there is a map Stab(g, m) — Stab(g, n), denoted G — F*G, where
F*@ is the stable graph obtained from G by gluing F' to G using the identification of the external
vertices of G with [m/], and erasing bivalent vertices. The action of BT°P on Stab(g,n) induces
an action of BT°P on Q(g,n) in the sense that there is a unique map F*: Q(g,n) — Q(g,n)
such that the diagram

Stab(g,n) —— Stab(g, m)

} l

Q(g* Tl) F—*> Q(g: Tn)

2 3 56 1 4 2
2 3 1

1

6 6
1 1
5 5
4 4
3 3
2 2

PROPOSITION 3.17. The actions of BT on | |gcqeyn) S(G) and [geqeen S(@) induce an
F'S°P module structure on Borel-Moore homology such that

@ HMES©G) - O HME©O)
GeQ(g,-) GeQlg,—)
is a surjection of FS°P modules, and the Borel-Moore homology spectral sequence
P HMSE) = H(M,, )
GeQlg,-)

is a spectral sequence of FS°P modules.
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